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Abstract 

In this paper, we find a condition that characterizes when two Camina p-groups of 
nilpotence class 2 form a Brauer pair. 
MSC primary: 20C15 

1 Introduction 

Throughout this note, all groups are finite. Two nonisomorphic groups G and H are said to 
form a Brauer pair if G and H have identical character tables and identical power maps. In 
[3], Brauer had asked if there exist any such pairs. The first examples of Brauer pairs were 
found by Dade in [1]. Other examples of Brauer pairs can be found in the [5] and [Sj. In 
this paper, we find a condition that characterizes when Camina groups of nilpotence class 2 
form Brauer pairs. 

In [7], we defined a VZ-group to be a group where all the nonlinear irreducible characters 
vanish off the center, and in that paper, we characterizes when two such groups have identical 
character tables. Using our characterization of the character tables of VZ-groups, A. Nenciu 
was able to characterize those VZ-groups that were Brauer pairs (see [9]). 

A group G is a Camina group if for all g G G\G' we have that g has gG' as its conjugacy 
class. The nilpotent Camina groups of nilpotence class 2 are VZ-groups. These have also 
been studied under the name semi-extraspecial groups in [1] and [UJ. (One can see in [6] and 
[TO] that the condition semi-extraspecial is equivalent to the condition of being a Camina 
p-group of nilpotence class 2.) Our characterization in [7j simplified for Camina groups of 
nilpotence class 2 to say: let G and H be nilpotent Camina groups of nilpotence class 2. 
Then G and H have identical character tables if and only if \G: G'\ = \H: H'\ and \G'\ = \H'\. 
Our goal in this note is to show that Nenciu's characterization of Brauer pairs of VZ-groups 
also has an easy simplification to Camina groups of nilpotence class 2. 

Any nilpotent Camina group must be a p-group for some prime p, and any VZ-group 
will be the direct product of a p-group and an abelian p'-group. Also, Nenciu showed in 
[9], that there are no Brauer pairs of VZ-groups that are also 2-groups. Therefore, we may 
assume that we are working with Camina p-groups where p is an odd prime. Finally, if P is 
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ap-group, then we have the subgroups l3i(P) = (x p \ x G P) and tti(P) = (x G P \ x p = 1). 
When p is odd and P has nilpotence class 2, it is known that in fact Ui(P) = {x p \ x G P}. 

With Oi(P) in hand, we can state our simplified condition that characterizes Brauer 
pairs of Camina p-groups with nilpotence class 2. It shows that if P and Q are Camina p- 
groups of nilpotence class 2, then P and Q form a Brauer pair if and only if \P: P'\ = \Q: Q'\, 
\P'\ = \Q'\, and |Oi(P)| = In other words, the only hypothesis needed to have 

a Brauer pair beyond the conditions to have identical character tables is that 13 1 (P) and 
l5i(Q) have the same order. 

Theorem (Main Theorem). Let P and Q be nonisomorphic Camina p- groups of nilpotence 
class 2 for some odd prime p. Then P and Q form a Brauer pair if and only if \P: P'\ = 
\Q:Q'\, \P'\ = \Q'\, and\U 1 (P)\ = \U 1 (Q)\. 

We conclude this introduction by noting that we will show the condition that |L5i(P)| = 
|Oi(Q)| is equivalent to |P: Qi(P)\ = \Q: Qi(Q)\ for these groups. Hence, the Main Theorem 
could also be restated as saying that when P and Q are nonisomorphic Camina p-groups 
of nilpotence class 2, then P and Q form a Brauer pair if and only if |P:P'| = \Q:Q'\, 
\P'\ = \Q'\, and \P-.n 1 (P)\ = \Q:ni(Q)\ 

2 Results 

Before we prove the main theorem, we need to state some notation. Let P be a p-group 
with nilpotence class 2, where p is an odd prime. We define vp : P — ► P by vp{x) = x p . 
When P' is elementary abelian, it is not difficult to see that vp is a homomorphism of P 
and its image is 13\(P). The fact that p is odd and P' is central and elementary abelian are 
necessary for vp to be a homomorphism. Also, ker(z/p) = {x G P | x p = 1} = Qi(P). Hence, 
we have \G: ^i(P)| = |Oi(P)|. As P' is elementary abelian, P' < ker(v P ), and if P/Z(P) is 
elementary abelian, then Oi(P) < Z(P). If P is a VZ-group, both of these occur; so when 
P is a VZ-group, we can view vp : P/P' — » Z(P) as a homomorphism. We can also define 
the projection map <j)p : Z(P) — > P/P' by 4>p(z) = zP' for every z G Z(P). 

In [9], Nenciu showed that if P and Q are nonisomorphic VZ-groups associated with 
the prime p, then P and Q form a Brauer pair if and only if there exist isomorphisms 
a : P/P' -> Q/Q' and (3 : Z(P) -> Z(Q) so that a o P = Q o (3 and z/ Q o a = (3 o v P . 

Proof of Main Theorem. We know when P is Camina group with nilpotence class 2 that 
Z(P) = P' . It follows that <f)p the trivial map. Similarly, 0q will be the trivial map. Thus, 
Nenciu's condition for P and Q to be a Brauer pair is equivalent to finding isomorphisms a 
and (3 so that vp o a = (3 o z/q. 

Suppose that P and Q form a Brauer pair. Then isomorphisms a and (3 exist. We 
already know that this implies that |P: P'| = |Q: Q'| and |P'| = We have $ov P (P/P') = 
P(v P (P/P')) = $(l5i(P)), and v Q oa{P/P') = v Q {a{P/P')) = u Q (Q/Q') = U^Q). It follows 
that /3(Oi(P)) = Ui(Q), and we conclude that |^i(P)| = |Ui(<2)| as desired. 

We now suppose that |P:P'| = \Q:Q'\, \P'\ = \Q'\, and |Ui(P)| = Pi{Q)\- Now, 
Oi(P) < Z(P) = P', so Oi(P) is an elementary abelian p-group. Similarly, l3i(Q) < Q' is an 
elementary abelian p-group. Since l3i(P) and l3i{Q) have the same size, they are isomorphic. 
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Write f3 for the isomorphism from 15\(P) to 15\(Q). Since P' and Q' are elementary abelian 
of the same size, we can extend (3 to an isomorphism f3 from P' to Q' . 

We know that P' < fli(P) and Q' < Qi(Q). Since P/P' is an elementary abelian p- 
group, there is a subgroup A of P so that P/P' = f2i(P)/P' x A/P'. Similarly, there is a 
subgroup P of Q so that Q/Q' = Qi(Q)/Q' x B/Q'. Now, fii(P) is the kernel of z/ P , so we 
know that z/ P : P/Q, 1 {P) = U^P). Restricting v P to A, we have that v P : A/P' ^ U^P). 
Similarly, uq : B/Q' = 15\{Q). We can define a : A/P' — > P/P' to be the unique map so 
that z/p o a = /3 o z/q. Observe that Qi(P)/P' and Qi(Q)/Q' are elementary abelian groups 
of the same size. Hence, there is an isomorphism a : Qi(P)/P' — > Q\(Q)/Q'. Note that 
up o a = 1. We can define an isomorphism a : P/P' — > Q/Q' by a = (a, a). We observe that 
vp o 6t = vp o a = [3 o vq = (3 o vq. □ 

Now, suppose that p is an odd prime, and let P be a Camina p-group with nilpotence 
class 2 and |P'| = p n . Thus, there are n + 1 choices for the value of |Oi(P)|. If the number 
of Camina groups with |P'| = p n and |P: P'| = p 2m with m > n is bigger than n + 1, then 
this will be another source of Brauer pairs. 

We will have that P and Q form a Brauer pair when P and Q are Camina groups of 
nilpotence class 2 and exponent p with |P: P'| = \Q: Q'\ and |P'| = \Q'\. Verardi has shown 
in [11] a number of ways of constructing nonisomorphic Camina p-groups with nilpotence 
class 2 and exponent p for a fixed |P: P'| and |P'|. Thus, we get a number of Brauer pairs 
this way. 

If n — 1, then P is extra-special of order p 2m+1 . We know that there are 2 such groups one 
with exponent p (and hence, |Oi(P)| = 1) and one with exponent p 2 (and hence, |£3i(P)| = 
p). Thus, we do not get any Brauer pairs here. Of course, this fact is well-known. 

Next, we decided to look at the Camina groups with |P:P'| = p 4 and |P'| = p 2 using 
MAGMA and the library of small groups. Notice that there are 3 possibility for the order of 
Oi(P). We have checked the primes up to 31. For each prime, we have found that there are 
p + 3 Camina groups with |P: P'| = p A and |P'| = p 2 . For each prime that we tested, one 
group has exponent p, and so, |L5i(P)| = 1; one group has |Oi(P)| = p; and the remaining 
p + 1 groups have |Oi(P)| = p 2 . We note that one of the groups in the last class has that 
Qi (P) is not abelian, and the remaining p-groups in that class have fl\ (P) is abelian. Thus, 
we obtain Brauer pairs by taking any two nonisomorphic Camina groups with nilpotence 
class 2 where |P: P'| = p 4 , \P'\ = p 2 , and |Oi(P)| = p 2 . 

We note that there are two examples in [9] which motivated our study. The exam- 
ples there actually meet the hypotheses of our theorem. Both of the examples there have 
|Oi(P)| = p 2 . It follows that |fii(P)| = p 4 ; one of the examples has fli(P) abelian and the 
other example has fli(P) nonabelian. 
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